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We survey geometrial and espeially ombinatorial aspets of generalized Donaldson-
Thomas invariants (also alled BPS invariants) for tori Calabi-Yau manifolds, emphasizing
the role of plane partitions and their generalizations in the reently proposed rystal melting
model. We also omment on equivalene with a viious walker model and the matrix model




The study of plane partitions, a three-dimensional generalization of partitions,
has a long history of more than a entury in mathematis [1, 2℄. There has reently
been a renewed interest in this old topi, both among mathematiians and physiists
alike, due to the pioneering disovery that topologial A-model [3℄ on tori Calabi-Yau
manifolds [4℄ an be desribed by a statistial mehanial model of plane partitions
[5, 6℄. In more mathematial language, plane partitions ount Donaldson-Thomas (DT)
invariants [7, 8℄, whose partition funtion is equivalent [9, 10℄ to that of the Gromov-
Witten invariants under suitable parameter identiations.
There is an interesting twist to this story, whih is the topi of more reent stud-
ies in this eld. There we study \generalized Donaldson-Thomas invariants" [11, 12℄,
whih depend on moduli (mathematially stability onditions, or physially omplexi-
ed Kahler moduli
2
). These \invariants" are invariant under a generi deformation of
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moduli, but an jump when we ross real odimension loi (alled walls of marginal sta-
bility, whih divide the moduli spae into hambers) in the moduli spae. This jumping
is alled the wall rossing phenomena, and there are general formulas [11, 12, 13℄ whih
govern this jumping phenomena. Generalized DT invariants are indeed generalizations
of the original DT invariants, in the sense that the former oinide with the latter only
in a spei hamber (hereafter alled the topologial string hamber) of the moduli
spae.
Given the rihness of these new invariants, the natural question is whether there
are ombinatorial ounterparts to this geometri story. The goal of the present artile
is to provide an answer to this question. Generalized DT invariants on tori Calabi-
Yau manifolds are desribed by a statistial mehanial model of \rystal melting"
[14, 15, 16℄, formulated here as an enumeration problem of plane partitions and their
generalizations. We will also omment on the equivalene with a viious walker model,
following [17℄. No prior knowledge in this eld is assumed, and this paper is intended
to be self-ontained, at least as far as the ombinatorial aspets are onerned.
This artile is organized as follows. In setion 2 we dene our ombinatorial parti-
tion funtion as a sum over suitable evolution of partitions. In setion 3 we omment on
the representation of the partition funtion as a unitary matrix integral. The derivation
of this matrix integral is given in setion 4, based on an equivalene with a viious
walker model. Appendix ontains an introdution to generalized Donaldson-Thomas
invariants, whih readers an onsult for geometri side of the story.
x 2. Denition of the Model
We begin with the following theorem, whih states that the partition funtion for
generalized DT invariants Z
gDT
(see Appendix) on a tori Calabi-Yau manifold an be
omputed exatly by purely ombinatorial methods:
Theorem 2.1 (Szendroi [14℄, Mozgovoy-Reineke [15℄, Ooguri-Yamazaki [16℄).
For a tori Calabi-Yau manifold, the partition funtion for generalized DT invariants






where the statistial mehanial model in the right hand side an equivalently formulated
as (1) a rystal melting model (a onguration of molten atoms), (2) dimer model, or




The third formulation is available only when the tori Calabi-Yau manifold has no ompat 4-yles.
All the examples in this paper fall into this ategory.
Geometry and Combinatoris of Crystal Melting 195
The goal of this setion is to dene Z
rystal
, using the plane partitions and their
generalizations. We use the third formulation, developed in [18, 19, 20, 21℄. See [14, 15,
16, 22℄ for the rst and the seond desription.
Remark. As we disussed in the introdution, the LHS of the equation (2.1)
depends on the value of the moduli. Correspondingly, RHS also has moduli dependene,
and we have dierent statistial mehanial models for dierent hambers of the moduli
spae. The shemati relation (2.1) should be interpreted this way. See (2.16).
Let us begin with standard notations. A partition  = (
i
) is a non-inreasing




 : : :  0 suh that 
n
= 0 for suÆiently large n. The














This is simply a graphial transpose of a partition, as will be lear from the following
example.
Example 2.2. For  = (4; 2; 1) = , jj = 7 and 
t
= (3; 2; 1; 1) = .
Given two partitions  and , we dene 
+





+ 1 or 
i
for all i:
We also denote 
 














 : : : :
Example 2.3. Two partitions  = (4; 2; 1) = and  = (3; 2; 1) =
both satisfy 
+
  and 
 
 .
Now we dene a plane partition (also alled a 3d partition) as a sequene of parti-















 : : : ;(2.2)
and (n) = f0g when jnj suÆiently large. Dene the length jj of a plane partition
 = f(n)g to be jj =
P
n
j(n)j. Note that this is a nite sum by the assumption
















































. This has the eet of replaing f(n)g by f(n)
t
g, and the partition
funtion is the same either way.
Remark. The hoie of the weight in (2.3) is the same as in the Shur proess of
[23℄.
We have seen that plane partitions orrespond to the simplest Calabi-Yau geometry
C
3
. Our next task is to onsider a set of partitions orresponding to the (resolved)
onifold. We again onsider a sequene of partitions  = f(n)g, but now with a













 : : : :(2.6)
















































; Q = q
1
:(2.9)
























See Appendix for summary of these invariants.
5








In the topologial strings, q =  e
 g
s




is the topologial string oupling
onstant, and t is the Kahler moduli of the resolved onifold.
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The orresponding statement for Z
onifold
rystal
was shown ombinatorially in [22℄.
The disussion above is a little bit impreise beause we did not speify the moduli
dependene of the generalized DT invariants. We therefore onsider the following more
general partition funtion whih inludes the moduli dependene and applies to more
general tori geometries.
First, x an integer L and a funtion  : f1=2; 3=2; : : : ; L  1=2g ! f1g. We an
periodially extend  to a map  : Z
1=2
! f1g, where Z
1=2
is a set of half-integers.
This will determine a tori Calabi-Yau geometry. Seond, to x a moduli dependene,





























We then dene a generalized plane partition of type (L; ; ) (whose totality we are
going to denote by P
(L;;)
) to be a sequene of partitions  = f(n)g suh that
(i)
Æ(i+1=2)
































































(i  1=2) > 
 1
(i+ 1=2));
where we used q
i
for i 2 Z by extending q
0















































This notation inluding half-integers looks umbersome, but is useful to see the ation of the Weyl
group of the aÆne Ka-Moody algebra [28, 19, 20℄. The parametrization by  atually overs only
half of the hambers, but suÆient for our purposes here. The partition funtion beomes a nite
produt in the remaining half.
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Example 2.4. Let us take L = 1,  = +1 and then the only hoie for  is

























When  = 
0
, (2.13) is the same as (2.6), and the partition funtion (2.14) oinides
with (2.7). The ase of n 6= 0 orresponds to generalized DT invariants in other ham-




























In partiular, in the limit n ! 1, this oinides with the ommutative DT partition
funtion for the onifold [3℄. In this limit our statistial mehanial model redues to
the gluing of two rystal orners (topologial verties) as in [5, 4℄.
The general story goes as follows. We an onstrut from (L; ) a tori Calabi-
Yau manifold X
(L;)
, whih is one of the so-alled generalized onifolds. This is a
tori Calabi-Yau manifold without ompat 4-yles
8
, and has a onneted string of




is either a O( 2; 0)-urve or a O( 1; 1)-urve, depending on
(i   1=2) = (i + 1=2) or (i   1=2) =  (i + 1=2).
9
We an then onsider the
partition funtion of generalized DT invariants on X
(L;)
.
The remaining task is to speify the moduli dependene, whih in this ase is given









(q;Q; ). Now the following theorem states that
this partition funtion is the same as the rystal partition funtion of type (L; ; ):






; : : : ; q
L 1















(i = 1; : : : ; L  1):
8
See [27℄ for disussion of Calabi-Yau geometries with a ompat 4-yle.
9









. As disussed previously in the ase of C
3
, this does not hange
the partition funtion, but will hange the matrix model representation of the partition funtion
presented in the next setion.
10
The signs are determined from . See [15℄ and setion 3.5 of [29℄.
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Remark. We an onsider further generalizations, by hanging the boundary on-
ditions at innity. This generalized model ounts \open generalized Donaldson-Thomas
invariants". See [19, 20, 30, 31℄.
In the following we onentrate on the ase of C
3
and the resolved onifold.
x 3. Matrix Model
In the following setions we show that the rystal melting partition funtion dened




















































































where the measure dU and the funtion (ujq) are the same as in Theorem 3.1.
We shall give derivations of these results in the next setion, but before going there
some omments are in order.
Remark. Theorem 3.1 and Theorem 3.2 for n = 0 are not new, although n 6= 0
ase has not previously appeared in the literature as far as the author is aware of.
Theorem 3.1 seems to be well-known in the literature, and an be onsidered as a
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redution of a multi-matrix model in [32℄. For Theorem 3.2 with n = 0, see the paper
[33℄, whih also proves similar identities for other groups. A viious walker model similar









) are alled \normal" (\super") time evolution, and the
model is analyzed by identies involving semi-standard Young tableaux and hook Shur
funtions (also alled supersymmetri Shur funtions). They also analyze the saling
limit of the model. See also [35℄.
Remark. The prefator C
n





=M(q). In partiular in these ases C
n
is independent of Q.
Remark. Z
matrix
, being a partition funtion of a unitary matrix integral, is a
redution of a  -funtion of a two-dimensional integrable Toda hain [36℄ (see e.g. [37℄).
Similar integrable strutures appeared in topologial strings ontext in [38℄. See also
[39, 40℄ for the appearane of thermodynami Bethe ansatz equations in the study
generalized DT invariants.
Finally, let us disuss the thermodynami limit of our model, using the matrix
integral given above. The thermodynami limit is the limit g
s
! 0, where the string
oupling onstant g
s




. For small g
s
, the
























If we ignore non-perturbative terms in g
s




redues to a Hermitian Gaussian matrix model with unitary measure. This result was
originally derived from the Chern-Simons theory on the onifold [41, 42℄ (see also [43℄
for rystal melting desription).







+ 1 = 0;(3.6)
where T = Ng
s
is the 't Hooft oupling. This is the mirror of the resolved onifold. In





+ 1 = 0;(3.7)
whih is the mirror of C
3
.
Next we disuss the spetral urve for the onifold matrix model (3.5)
12
. As before,
we take the limit g
s
! 0; N !1 with T := Ng
s
xed, but now we also take n !1,
11






of a generalized plane partition .
12
This is the spetral urve for the matrix model. Our statistial model an equivalently be written
as a dimer model, whih has its own version of the spetral urve. See [45℄ and [46℄.
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with  := ng
s


























































. This is the mirror [47℄ of the so-alled losed vertex geometry,
whose web diagram is shown in Figure 1.







There are two interesting observations on this result. First, (3.9) oinides with the
mirror map for this geometry. Seond, the urve (3.8) is symmetri under exhanges








. Namely, (1) the original Kahler moduli Q of the
resolved onifold, (2) the hamber parameter n and (3) the 't Hooft parameter T ap-
pear symmetrially in the spetral urve. This is an interesting result, whih suggests
a possible onnetion between ontinuum limit of the wall rossing formulas and the
BCOV holomorphi anomaly equation [48℄.
In the matrix model we are interested in the limit of N !1, whih means T !1








+ (1 +Q) e
y
+Q = 0:(3.10)
The is the mirror of the so-alled Suspended Pinhed Point (SPP) geometry, with Q and




two opies of the initial O( 1; 1) ! P
1
geometry, see gure 2. Not only does the
spetral urve agree with the mirror urve of the SPP geometry in the limit of g
s
! 0,
but in fat the matrix integral reprodues the full topologial string partition funtion
all orders in g
s
expansion. Indeed, it is known that the SPP topologial string partition
funtion
13

























On the other hand, from the expliit struture of the BPS generating funtion and
formulas (2.15), (3.3), (3.4) and (3.5), we nd that the value of the matrix integral, in



















This result is onsistent with the philosophy of the remodeling onjeture [49℄, whih
states that a set of invariants (sympleti invariants) [50℄ onstruted reursively from
the spetral urve oinide with topologial string partition funtion on the same ge-
ometry. Sine sympleti invariants are dened by rewriting loop equations of matrix
models purely in the language of spetral urves, the fat that the topologial string par-
tition funtion an be written as a matrix model would prove the remodeling onjeture.
Indeed, this type of logi was used in [32, 51℄ to prove the remodeling onjeture for
tori Calabi-Yau manifolds. It would be interesting to know whether similar reursion
relations exist in other hambers.









In our ontext, a topologial string partition funtion is a generalized DT partition funtion in
the topologial string hamber, where generalized DT invariants oinide with the original DT
invariants of [7, 8℄. This hamber is the analogue of 
n=1
in the onifold
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x 4. Derivation of the Matrix Models
There are at least two derivations of the above-mentioned matrix models, one using
the vertex operator formalism for free fermions [52℄ (see [18, 19, 21℄ for disussion our
ontext) and another using the equivalene with a viious walker model (non-interseting
paths). Both are presented in [17℄. Here we omment on the latter method in the ase
 = id. The derivation here is a slightly simplied version of the derivation in [17℄. See
also [32, 35, 51℄, whih onstruts similar matrix models in a partiular hamber. In
partiular [51℄ treats arbitrary tori Calabi-Yau geometries.
Let us x a suÆiently large number N . This is the same N for the size of the





(t) + k   1; (k = 1; : : : ; N):(4.1)






for all t. We also have the boundary ondition,
h
k
(t) = k   1 when jtj large:(4.3)





(t) = 0 or   1;





(t) = 0 or 1;
for t < 0.




). We are going to







for eah k, we have
a set of N paths. Due to the onditions (4.4), (4.5) the paths move on the graph shown
in Figure 3, and (4.3) means we have a xed boundary ondition. Finally, (4.2) means
that N paths are non-interseting. Summing up, we have a statistial mehanial model
of non-interseting paths (also alled a viious walker model [53℄
14
), whose partition















where ' shows that we negleted an overall multipliative onstant.
14
We an also regards this model as a time evolution of N partiles in one dimension. In this language
the model is an exlusion proess, a variant of the ASEP [54℄.
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Figure 3. Top: an oriented graph for C
3
. Middle: an example of 3 non-interseting
paths shown as bold (red) arrows. The loation of the k-th path at time t gives h
k
(t).
Bottom: The orresponding evolution of Young diagrams.
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At rst sight it seems diÆult in pratie to implement the non-interseting on-
ditions for paths. The following theorem states that we an write the sum over non-
interseting paths as a determinant of a matrix, whose element is dened by a single
path:
Theorem 4.1 (Lindstrom [55℄, Gessel-Viennot [56℄; Karlin-MGregor [57℄). Sup-
pose we are given an oriented graph without oriented loops. Suppose moreover that eah
edge e omes with a weight w(e). For a path p on the graph, we dene w(p) to be the
produt of the weighs for all the edges on the path: w(p) :=
Q
e2p
w(e). We dene F by





























































)), we have ontributions
from non-interseting as well as interseting paths. However, ontributions from the











Figure 4. When we expand detG, interseting paths always ome in pairs with an oppo-
site sign. The reason is that we an exhange the label for paths after the intersetion,
without hanging the paths themselves.
15
When more than two paths interset at a single point, we need to pik two of them aording to a
xed ordering and apply the same argument.
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Example 4.2. Consider an oriented graph with weights w
1
; : : : ; w
6
as shown in











































































Figure 5. An example of an oriented graph.
Remark. The fat that paths are non-interseting is a manifestation of free













(q) is dened as a weighted sum over all possible paths whih start at height
i at t = t
min
and end at height j at t = t
max















It turns out to be easier to write a generating funtion for G
n
























Proof. To see this, note that a term in the expansion of the produt is in one-to-
one orrespondene with a path. For example, for t < 0 we take either 1 or zq
t
from the
produt, and the hoie orresponds to the two possibilities in (4.5). The hange of the
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horizontal oordinates is measured by z, and taking the oeÆient in front of z
n
means
summing paths with height hange n. The produt in (4.14) is over all non-negative





Finally, we have the following theorem:
















Remark. The RHS of the equation is often alled a Toeplitz determinant of f .





































). After expanding the two determinants using the
denition of the determinant, we an easily arry out the integral, and the result follows.
This theorem, together with the form of f(z) in (4.14), ompletes the derivation of
the matrix model for C
3
.
The analysis for the onifold is essentially the same, so let us summarize the result
briey. By dening h
k
(n) again as in (4.1), we again have (4.2) and (4.3), exept that
(4.4), (4.5) are going to be replaed by









0; 1 (t < 0);
0;   1 (t  0):
(4.16)
2. When t is even,
: : :  h
k 1




(t+ 1) < h
k+1
(t)  : : : :(4.17)
for t < 0 and








(t+ 1)  : : : :(4.18)
for t  0.
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Figure 6. Top: an oriented graph for the onifold. Middle: an example of 3 non-
interseting paths on the graph shown in red. Bottom: the orresponding evolution of
Young diagrams.
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These onditions mean fh
k
(n)g move on the graph shown in Figure 6. Note that the
struture of the graph is dierent depending on whether t is even or odd.













































This is nothing but the expression (3.5) for n = 0.
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xA. Generalized Donaldson-Thomas Invariants
In this appendix we briey summarize the ingredients of the generalized Donaldson-
Thomas invariants. Our disussion in this setion is far from rigorous and at best
shemati, sine the main fous of this paper is more on ombinatorial aspets presented
in the main text.
For the denition of generalized DT invariants, we need the following:
 X: a Calabi-Yau 3-fold.





















; (i = 1; : : : ; dimH
2
(X;Z));




) denotes the B-eld ux through (the
volume of) the i-th 2-yle.
210 Masahito Yamazaki
 A entral harge funtion Z

(t), whih depend on t := ft
i






With these data we an dene \generalized DT invariants"

(; t) 2 Q :
For onreteness, in this paper we restrit ourselves to the following situations:
 X: a tori
17
Calabi-Yau 3-fold without ompat 4-yles. For example, X an be
C
3
or the (resolved) onifold.
 In the harge lattie H
even














 = ( n;  = f
i
g; 0; 1 ):
We then have a set of integer invariants

 (=(n; ; 0; 1); t) 2 Z:













where Q := fQ
i









. This is the partition
funtion for generalized DT invariants studied in the main text.
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